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GREEN’S IDENTITIES, COMPARISON PRINCIPLE AND
UNIQUENESS OF POSITIVE SOLUTIONS FOR NONLINEAR
p-SUB-LAPLACIAN EQUATIONS ON STRATIFIED LIE GROUPS
MICHAEL RUZHANSKY AND DURVUDKHAN SURAGAN
Abstract. We propose analogues of Green’s and Picone’s identities for the p-sub-
Laplacian on stratified Lie groups. In particular, these imply a generalised Dı´az-Saa´
inequality for the p-sub-Laplacian on stratified Lie groups. Using these we derive a
comparison principle and uniqueness of a positive solution to nonlinear hypoelliptic
equations on general stratified Lie groups extending to the setting of the general
stratified Lie groups previously known results on Euclidean and Heisenberg groups.
1. Introduction
A stratified Lie group can be defined in many different equivalent ways (see e.g.
[10] for the Lie algebra point of view). We follow the definition in [5], that is, a Lie
group G = (RN , ◦) is called a stratified Lie group (or a homogeneous Carnot group)
if it satisfies the following two conditions:
(i) For natural numbers N1+ ...+Nr = N the decomposition R
N = RN1× ...×RNr
holds, and for each λ > 0 the dilation δλ : R
N → RN given by
δλ(x) ≡ δλ(x
(1), ..., x(r)) := (λx(1), ..., λrx(r))
is an automorphism of the group G. Here x(k) ∈ RNk for k = 1, ..., r.
(ii) Let N1 be as in (i) and let X1, ..., XN1 be the left invariant vector fields on G
such that Xk(0) =
∂
∂xk
|0 for k = 1, ..., N1. Then the Ho¨rmander condition
rank(Lie{X1, ..., XN1}) = N
holds for every x ∈ RN , i.e. the iterated commutators of X1, ..., XN1 span the Lie
algebra of G.
That is, we say that the triple G = (RN , ◦, δλ) is a stratified Lie group (or a
stratified group, in short). The number r above is called the step of G and the left
invariant vector fields X1, ..., XN1 are called the (Jacobian) generators of G. The
number
Q =
r∑
k=1
kNk
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is called the homogeneous dimension of G. We will also use the notation
∇G := (X1, . . . , XN1)
for the (horizontal) gradient. We also recall that the standard Lebesgue measure dx
on RN is the Haar measure for G. Let Ω ⊂ G be an open set. The notation u ∈ C1(Ω)
means ∇Gu ∈ C(Ω).
We will also use the functional spaces S1,p(Ω) = {u : Ω→ R; u, |∇Gu| ∈ L
p(Ω)}.
Moreover, let us consider the following functional
Jp(u) :=
(∫
Ω
|∇Gu|
pdx
) 1
p
,
then we define the functional class
◦
S
1,p
(Ω) to be the completion of C10 (Ω) in the norm
generated by Jp (see, e.g. [7]). The operator
Lpf := ∇G · (|∇Gf |
p−2∇Gf), 1 < p <∞, (1.1)
is called the subelliptic p-Laplacian or, in short, p-sub-Laplacian. Throughout this
paper Ω ⊂ G will be an admissible domain, that is, an open set Ω ⊂ G is called an
admissible domain if it is bounded and if its boundary ∂Ω is piecewise smooth and
simple i.e., it has no self-intersections. The condition for the boundary to be simple
amounts to ∂Ω being orientable. In Ω ⊂ G we consider the following nonlinear
Dirichlet boundary value problem for the p-sub-Laplacian{
−Lpu = F (x, u), in Ω,
u = 0, on ∂Ω.
(1.2)
In this note we assume that:
(a) The function F : Ω× R→ R is a positive, bounded and measurable function
and there exists a positive constant C > 0 such that F (x, ρ) ≤ C(ρp−1 + 1)
for a.e. x ∈ Ω.
(b) The function ρ 7→ F (x,ρ)
ρp−1
is strictly decreasing on (0,∞) for a.e. x ∈ Ω.
As usual, a (weak) solution of (1.2) means a function u ∈
◦
S
1,p
(Ω) ∩ L∞(Ω) such
that ∫
Ω
|∇Gu|
p−2(∇˜u)φdν =
∫
Ω
F (x, u)φdν
holds for all φ ∈ C∞0 (Ω), where
∇˜u =
N1∑
k=1
(Xku)Xk.
Nowadays, in the abelian case, there is vast literature devoted to the study of the
boundary value problem (1.2). In the analysis of subelliptic p-Laplacian on, e.g.,
Heisenberg type groups the boundary value problems of this type have been also
intensively investigated. In the non-abelian case some of very first results obtained
regarding the boundary value problem (1.2) with p = 2 are by Garofalo and Lanconelli
[13], where the authors obtained existence and nonexistence results using Rellich-
Pohozaev type inequalities. Since then a number of studies have been devoted to
this subject and most of them are on the Heisenberg group. See [3], [4], [6], [8], [9],
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[14], [15], [17] and [20] as well as references therein. To the best of our knowledge,
these results have not been extended to the general stratified Lie groups. Therefore,
the aim of this short note is to extend to the setting of the stratified Lie groups
previously known results on Euclidean and Heisenberg groups. To reach the desired
results first one tries to obtain related Picone type identities\inequalities (see, e.g.
[1], [3] and [8]), and we follow these ideas in the proofs. However, stratified group
adapted p-sub-Laplacian Green identities based on our previous paper [18] play key
roles in some calculations. Thus, we discuss p-sub-Laplacian Green identities and
their applications in Section 2. In Section 3 we derive versions of Picone’s equality
and inequality, and give their applications, namely, proofs of a comparison principle
as well as uniqueness of a positive solution of the Dirichlet boundary value problem
for the p-sub-Laplacian (1.2).
2. p-sub-Laplacian Green’s identity and consequences
Let Q ≥ 3 be the homogeneous dimension of a stratified Lie group G and let dν
be the volume element on G. Note that the Lebesque measure on RN is the Haar
measure for G (see, e.g. [5, Proposition 1.3.21] or [10, Proposition 1.6.6]). The
notations X = {X1, ..., XN1} are left-invariant vector fields in the first stratum of G,
and 〈Xk, dν〉 is the natural pairing between vector fields and differential forms, more
precisely, we have
〈Xk, dν(x)〉 =
N1∧
j=1,j 6=k
dx
(1)
j
r∧
l=2
Nl∧
m=1
θl,m, (2.1)
where
θl,m = −
N1∑
k=1
a
(l)
k,m(x
(1), . . . , x(l−1))dx
(1)
k + dx
(l)
m , l = 2, . . . , r, m = 1, . . . , Nl, (2.2)
and a
(l)
k,m is a δλ-homogeneous polynomial of degree l − 1 such that
Xk =
∂
∂x
(1)
k
+
r∑
l=2
Nl∑
m=1
a
(l)
k,m(x
(1), ..., x(l−1))
∂
∂x
(l)
m
, (2.3)
see [18]. As mentioned in the introduction throughout this paper we assume that a
domain Ω ⊂ G is an admissible domain. We recall the following divergence formula
for Xk’s.
Proposition 2.1 ([18]). Let fk ∈ C
1(Ω)
⋂
C(Ω), k = 1, . . . , N1. Then for each
k = 1, . . . , N1, we have ∫
Ω
Xkfkdν =
∫
∂Ω
fk〈Xk, dν〉. (2.4)
Consequently, we also have∫
Ω
N1∑
k=1
Xkfkdν =
∫
∂Ω
N1∑
k=1
fk〈Xk, dν〉. (2.5)
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As a consequences of the above Divergence formula we obtain the following ana-
logue of Green’s first identity for the p-sub-Laplacian. This version was proved for
the sub-Laplacian (p = 2) in [18], and now we extend it to all 1 < p <∞.
Proposition 2.2 (Green’s first identity). Let 1 < p < ∞. Let v ∈ C1(Ω)
⋂
C(Ω)
and u ∈ C2(Ω)
⋂
C1(Ω). Then∫
Ω
(
(|∇Gu|
p−2∇˜v)u+ vLpu
)
dν =
∫
∂Ω
|∇Gu|
p−2v〈∇˜u, dν〉, (2.6)
where Lp is the p-sub-Laplacian on G and
∇˜u =
N1∑
k=1
(Xku)Xk.
Proof of Proposition 2.2. Let fk = v|∇Gu|
p−2Xku, then
N1∑
k=1
Xkfk = (|∇Gu|
p−2∇˜v)u+ vLpu.
By integrating both sides of this equality over Ω and using Proposition 2.1 we obtain∫
Ω
(
(|∇Gu|
p−2∇˜v)u+ vLpu
)
dν=
∫
Ω
∑N1
k=1Xkfkdν
=
∫
∂Ω
N1∑
k=1
〈fkXk, dν〉 =
∫
∂Ω
N1∑
k=1
〈v|∇Gu|
p−2XkuXk, dν〉 =
∫
∂Ω
|∇Gu|
p−2v〈∇˜u, dν〉,
completing the proof. 
When v = 1 Proposition 2.2 implies the following analogue of Gauss’ mean value
formula for p-harmonic functions:
Corollary 2.3. If Lpu = 0 in an admissible domain Ω ⊂ G, then∫
∂Ω
|∇Gu|
p−2〈∇˜u, dν〉 = 0.
As consequences of Proposition 2.2 we obtain the following uniqueness results for
not only the p-sub-Laplacian Dirichlet boundary value problem, but also other bound-
ary value problems of different types, such as Neumann, Robin, or mixed types of
conditions on different parts of the boundary.
We should mention that most of the following results are known and can be proved
by other methods too, but using given Green’s first identity in Proposition 2.2 their
proofs become elementary.
Corollary 2.4. The Dirichlet boundary value problem
Lpu(x) = 0, x ∈ Ω ⊂ G, (2.7)
u(x) = 0, x ∈ ∂Ω, (2.8)
has the unique trivial solution u ≡ 0 in the class of functions C2(Ω)
⋂
C1(Ω).
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Proof of Corollary 2.4. Set v = u in (2.6), then by (2.7) and (2.8) we get∫
Ω
(|∇Gu|
p−2∇˜u)udν =
∫
Ω
(
(|∇Gu|
p−2∇˜u)u+ uLpu
)
dν
=
∫
∂Ω
|∇Gu|
p−2u〈∇˜u, dν〉 = 0.
Therefore ∫
Ω
N1∑
k=1
|Xku|
pdν = 0,
that is, Xku = 0, k = 1, ..., N1. Since any element of a Jacobian basis of G is repre-
sented by Lie brackets of {X1, ..., XN1}, we obtain that u is a constant, so u ≡ 0 on
Ω by (2.8). 
This has the following simple extension to (nonlinear) Schro¨dinger operators:
Corollary 2.5. Let q : C × Ω → R be a non-negative bounded function. Then the
Dirichlet boundary value problem for the (nonlinear) Schro¨dinger equation
−Lpu(x) + q(u, x)u(x) = 0, x ∈ Ω ⊂ G, (2.9)
u(x) = 0, x ∈ ∂Ω, (2.10)
has the unique trivial solution u ≡ 0 in the class of functions C2(Ω)
⋂
C1(Ω).
Proof of Corollary 2.5. As in proof of Corollary 2.4 using Green’s identity, from (2.9)
and (2.10) we obtain∫
Ω
(|∇Gu|
p−2∇˜u)udν =
∫
Ω
(
(|∇Gu|
p−2∇˜u)u+ uLpu
)
dν −
∫
Ω
q(u, y)|u(y)|2dν
=
∫
∂Ω
|∇Gu|
p−2u〈∇˜u, dν〉 −
∫
Ω
q(u, y)|u(y)|2dν = −
∫
Ω
q(u, y)|u(y)|2dν.
Therefore,
0 ≤
∫
Ω
N1∑
k=1
|Xku|
pdν = −
∫
Ω
q(u, y)|u(y)|2dν ≤ 0,
that is, u ≡ 0. 
Similarly, we obtain the following fact for the new measure-type von Neumann
boundary conditions:
Corollary 2.6. The boundary value problem
Lpu(x) = 0, x ∈ Ω ⊂ G, (2.11)
N1∑
j=1
Xju〈Xj, dν〉 = 0 on ∂Ω, (2.12)
has a solution u ≡ const in the class of functions C2(Ω)
⋂
C1(Ω).
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Proof of Corollary 2.6. Set v = u in (2.6), then by (2.11) and (2.12) we get
∫
Ω
(|∇Gu|
p−2∇˜u)udν =
∫
Ω
(
(|∇Gu|
p−2∇˜u)u+ uLpu
)
dν =
∫
∂Ω
|∇Gu|
p−2u〈∇˜u, dν〉 = 0.
Therefore, ∫
Ω
N1∑
k=1
|Xku|
pdν = 0,
that is, Xku = 0, k = 1, ..., N1. Since any element of a Jacobian basis of G is repre-
sented by Lie brackets of {X1, ..., XN1}, we obtain that u is a constant. 
In the same way one can consider the Robin-type boundary conditions as follows.
Corollary 2.7. Let aj : ∂Ω → R, j = 1, ..., N1, be bounded functions such that the
measure
N1∑
j=1
aj〈Xj, dν〉 ≥ 0 (2.13)
is non-negative on ∂Ω. Then the boundary value problem
Lpu(x) = 0, x ∈ Ω ⊂ G, (2.14)
N1∑
j=1
(aju+Xju)〈Xj, dν〉 = 0 on ∂Ω, (2.15)
has a solution u ≡ const in the class of functions C2(Ω)
⋂
C1(Ω).
Proof of Corollary 2.7. Set v = u in (2.6), then by (2.14) and (2.15) we get∫
Ω
(|∇Gu|
p−2∇˜u)udν =
∫
Ω
(
(|∇Gu|
p−2∇˜u)u+ uLpu
)
dν
=
∫
∂Ω
|∇Gu|
p−2u〈∇˜u, dν〉 = −
∫
∂Ω
|∇Gu|
p−2|u|2
N1∑
j=1
aj〈Xj, dν〉, (2.16)
that is,
0 ≤
∫
Ω
N1∑
k=1
|Xku|
pdν = −
∫
∂Ω
|∇Gu|
p−2|u|2
N1∑
j=1
aj〈Xj, dν〉 ≤ 0.
Therefore ∫
Ω
N1∑
k=1
|Xku|
pdν = 0
and ∫
∂Ω
|∇Gu|
p−2|u|2
N1∑
j=1
aj〈Xj, dν〉 = 0.
As above the first equality implies that u is a constant. This proves the claim. 
We can also consider boundary value problems where Dirichlet or Robin boundary
conditions are imposed on different parts of the boundary. The proof is similar to
the above cases.
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Corollary 2.8. Let aj : ∂Ω → R, j = 1, ..., N1, be bounded functions such that the
measure
N1∑
j=1
aj〈Xj, dν〉 ≥ 0 (2.17)
is non-negative on ∂Ω. Let ∂Ω1 ⊂ ∂Ω, ∂Ω1 6= ∅ and ∂Ω2 := ∂Ω\∂Ω1. Then the
boundary value problem
Lpu(x) = 0, x ∈ Ω ⊂ G, (2.18)
u = 0 on ∂Ω1, (2.19)
N1∑
j=1
(aju+Xju)〈Xj, dν〉 = 0 on ∂Ω2, (2.20)
has the unique trivial solution u ≡ 0 in the class of functions C2(Ω)
⋂
C1(Ω).
As a consequence of the Green’s first identity (2.6) we obtain the following analogue
of Green’s second identity for the p-sub-Laplacian:
Proposition 2.9 (Green’s second identity). Let 1 < p < ∞. Let Ω ⊂ G be an
admissible domain. Let u, v ∈ C2(Ω)
⋂
C1(Ω). Then∫
Ω
(
uLpv − vLpu+ (|∇Gv|
p−2 − |∇Gu|
p−2)(∇˜v)u
)
dν
=
∫
∂Ω
(|∇Gv|
p−2u〈∇˜v, dν〉 − |∇Gu|
p−2v〈∇˜u, dν〉). (2.21)
Proof of Proposition 2.9. Rewriting (2.6) we have∫
Ω
(
(|∇Gv|
p−2∇˜u)v + uLpv
)
dν =
∫
∂Ω
|∇Gv|
p−2u〈∇˜v, dν〉,
∫
Ω
(
(|∇Gu|
p−2∇˜v)u+ vLpu
)
dν =
∫
∂Ω
|∇Gu|
p−2v〈∇˜u, dν〉.
By subtracting the second identity from the first one and using
(∇˜u)v = (∇˜v)u
we obtain the desired result. 
It is known that the sub-Laplacian (p = 2) has a unique fundamental solution ε on
G (see [11]),
L2ε = δ,
and ε(x, y) = ε(y−1x) is homogeneous of degree −Q+ 2 and represented in the form
ε(x, y) = [d(x, y)]2−Q, (2.22)
where d is the L-gauge.
One of the largest classes of the stratified Lie groups, for which the fundamental
solution of the p-sub-Laplacian is expressed explicitly are polarizable Carnot groups.
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A Lie group G is called a polarizable Carnot group if the L-gauge d satisfies the
following ∞-sub-Laplacian equality
L∞d :=
1
2
∇G|∇Gd|
2 · ∇Gd = 0 in G\{0}.
In the paper [2] it was proved that if G is a polarizable Carnot group, then the
fundamental solutions of the p-sub-Laplacian (1.1) are given by the explicit formulae
εp :=
{
cpd
p−Q
p−1 , if p 6= Q,
−cQ log d, if p = Q.
(2.23)
As usual, the Green identities are still valid for functions with (weak) singularities
provided we can approximate them by smooth functions. Thus, for example, for
x ∈ Ω in a polarizable Carnot group, taking v = 1 and u(y) = εp(x, y) we record the
following consequence of Proposition 2.2: If Ω is an admissible domain of a polarizable
Carnot group G, and x ∈ Ω, then∫
∂Ω
|∇Gεp|
p−2〈∇˜εp(x, y), dν(y)〉 = 1,
where εp is the fundamental solution of the p-sub-Laplacian.
For the polarizable Carnot groups putting the fundamental solution εp instead of
v in (2.21) we get the following representation type formulae:
• Let u ∈ C2(Ω)
⋂
C1(Ω). Then for x ∈ Ω we have
u(x) =
∫
Ω
εpLpu− (|∇Gεp|
p−2 − |∇Gu|
p−2)(∇˜εp)udν
+
∫
∂Ω
(|∇Gεp|
p−2u〈∇˜εp, dν〉 − |∇Gu|
p−2εp〈∇˜u, dν〉). (2.24)
• Let u ∈ C2(Ω)
⋂
C1(Ω) and Lpu = 0 on Ω, then for x ∈ Ω we have
u(x) =
∫
Ω
(|∇Gu|
p−2 − |∇Gεp|
p−2)(∇˜εp)udν
+
∫
∂Ω
(|∇Gεp|
p−2u〈∇˜εp, dν〉 − |∇Gu|
p−2εp〈∇˜u, dν〉). (2.25)
• Let u ∈ C2(Ω)
⋂
C1(Ω) and
u(x) = 0, x ∈ ∂Ω, (2.26)
then
u(x) =
∫
Ω
εpLpu−(|∇Gεp|
p−2−|∇Gu|
p−2)(∇˜εp)udν−
∫
∂Ω
|∇Gu|
p−2εp〈∇˜u, dν〉. (2.27)
• Let u ∈ C2(Ω)
⋂
C1(Ω) and
N1∑
j=1
Xju〈Xj, dν〉 = 0 on ∂Ω, (2.28)
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then
u(x) =
∫
Ω
εpLpu− (|∇Gεp|
p−2 − |∇Gu|
p−2)(∇˜εp)udν +
∫
∂Ω
|∇Gεp|
p−2u〈∇˜εp, dν〉.
(2.29)
Of course, these representation formula expressions hold in general stratified Lie
groups provided εp exists. However, according to the meaning of the classical cases,
one should know the fundamental solution in an explicit form, so we have focused
on the polarizable groups. Note that there are stratified Lie groups (other than
polarizable ones) in which the fundamental solution of, say, the sub-Laplacian can be
expressed explicitly (see [2, Section 6]).
3. p-sub-Laplacian Picone’s identity and consequences
By keeping in mind the stratified group discussions from the introduction for any set
Ω ⊂ G and a locally Lipschitz function f : R+ → R+ such that (p−1)|f(t)|
p−2
p−1 ≤ f ′(t)
a.e. in R+ with 1 < p <∞ we introduce the notations
L(u, v) := |∇Gu|
p − p
|u|p−2u
f(v)
∇Gu · ∇Gv|∇Gv|
p−2 +
f ′(v)|u|p
f 2(v)
|∇Gv|
p (3.1)
and
R(u, v) := |∇Gu|
p −∇G
(
|u|p
f(v)
)
|∇Gv|
p−2∇Gv (3.2)
a.e. in Ω. Then we have the following stratified Lie group version of Picone’s identity.
Lemma 3.1. For any set Ω ⊂ G and all 1 < p < ∞ we have L(u, v) = R(u, v) ≥ 0
a.e. in Ω, where u and v are differentiable real-valued functions.
Proof of Lemma 3.1. A direct calculation shows that
∇G
(
|u|p
f(v)
)
=
pf(v)|u|p−2u∇Gu− f
′(v)|u|p∇Gv
f 2(v)
=
p|u|p−2u∇Gu
f(v)
−
f ′(v)|u|p∇Gv
f 2(v)
.
Thus,
R(u, v) = |∇Gu|
p −∇G
(
|u|p
f(v)
)
|∇Gv|
p−2∇Gv
= |∇Gu|
p −
p|u|p−2u
f(v)
|∇Gv|
p−2∇Gu · ∇Gv +
f ′(v)|u|p
f 2(v)
|∇Gv|
p
= L(u, v).
Now it remains to show the nonnegativity of R(u, v). We have
p|u|p−2u
f(v)
|∇Gv|
p−2∇Gu · ∇Gv ≤
p|u|p−1
f(v)
|∇Gv|
p−1|∇Gu|,
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further by using the Young inequality we arrive at
p|u|p−2u
f(v)
|∇Gv|
p−2∇Gu · ∇Gv ≤ |∇Gu|
p + (p− 1)
|u|p|∇Gv|
p
f
p
p−1 (v)
.
It follows that
f ′(v)|u|p|∇Gv|
p
f 2(v)
− (p− 1)
|u|p|∇Gv|
p
f
p
p−1 (v)
≤ R(u, v).
Since by the definition (p− 1)|f(t)|
p−2
p−1 ≤ f ′(t), this means 0 ≤ R(u, v). 
As a consequence of the Harnack inequality for the general hypoelliptic equation
(see [7, Theorem 3.1]) we have the following strong maximum principle for the p-
sub-Laplacian. The proofs of both Lemma 3.2 and 3.3 are similar to the case of
Heisenberg groups (see, [8] for more details).
Lemma 3.2. Let Ω ⊂ G be a bounded open set, 1 < p ≤ Q, and let F : Ω×R→ R be
a measurable function such that |F (x, ρ)| ≤ C(ρp−1+1) for all ρ > 0. Let u ∈
◦
S
1,p
(Ω)
be a nonnegative solution of {
−Lpu = F (x, u), in Ω
u = 0, on ∂Ω.
(3.3)
Then u ≡ 0 or u > 0 in Ω.
Proof of Lemma 3.2. Since u ∈
◦
S
1,p
(Ω) by using the Harnack inequality [7, Theorem
3.1] for 1 < p ≤ Q there exists a constant CR such that
sup
B(0,R)
{u(x)} ≤ CR inf
B(0,R)
{u(x)}
for any quasi-ball B(0, R). This means u ≡ 0 or u > 0 in B(0, R), that is, u ≡ 0 or
u > 0 in Ω. 
Lemma 3.3. Let Ω ⊂ G be a bounded open set and let v ∈
◦
S
1,p
(Ω) be such that
v ≥ ǫ > 0. Then for all p > 1 and u ∈ C∞0 (Ω) we have∫
Ω
|u|p
f(v)
(−Lpv)dx ≤
∫
Ω
|∇Gu|
pdx. (3.4)
As above here f : R+ → R+ is a locally Lipschitz function such that (p −
1)|f(t)|
p−2
p−1 ≤ f ′(t) a.e. in R+ with 1 < p <∞.
Proof of Lemma 3.3. By the density argument we can choose vk ∈ C
1
0(Ω), k =
1, 2, . . . , such that vk >
ǫ
2
in Ω and vk → v a.e. in Ω. By using Lemma 3.1 we
obtain that
0 ≤
∫
Ω
R(u, vk)dx,
for each k. That is, ∫
Ω
|u|p
f(vk)
(−Lpvk)dx ≤
∫
Ω
|∇Gu|
pdx.
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In addition, from the fact that Lp is a continuous operator from
◦
S
1,p
(Ω) to S−1,p
′
(Ω),
p′ = p
p−1
, (cf. [16, Theorem A.0.6] ) we have Lpvk → Lpv in S
−1,p′(Ω) and f(vk) →
f(v) pointwise since f is a locally Lipschitz continuous function on (0,∞). Thus,
by the Lebesque dominated convergence theorem and using the fact that f is an
increasing function on (0,∞), for any u ∈ C∞0 (Ω) we arrive at∫
Ω
|u|p
f(v)
(−Lpv)dx ≤
∫
Ω
|∇Gu|
pdx, (3.5)
proving (3.4). 
By using Lemma 3.3 above we prove the following generalised Picone inequality:
Theorem 3.4. Let Ω ⊂ G be a bounded open set and let g : Ω× R→ R be positive,
bounded and measurable function such that g(x, ρ) ≤ C(ρp−1 + 1) for all ρ > 0. If
functions v, u ∈
◦
S
1,p
(Ω) with v( 6≡ 0) ≥ 0 a.e. Ω ∈ G are such that −Lpv = g(x, v),
then ∫
Ω
|u|p
f(v)
(−Lpv)dx ≤
∫
Ω
|∇Gu|
pdx, 1 < p <∞. (3.6)
Proof of Theorem 3.4. By Lemma 3.2 we have v > 0 in Ω. Let vk(x) := v(x)+
1
k
, k =
1, 2, . . ., then we have Lpvk = Lpv in S
−1,p′(Ω), vk → v a.e. in Ω and also f(vk)→ f(v)
pointwise in Ω. Let uk ∈ C
∞
0 (Ω) be such that uk → u in
◦
S
1,p
(Ω). For the functions
uk and vk Lemma 3.3 gives∫
Ω
|uk|
p
f(vk)
(−Lpvk)dx ≤
∫
Ω
|∇Guk|
pdx.
Now since f(vk)→ f(v) pointwise by the Fatou lemma we arrive at∫
Ω
|u|p
f(v)
(−Lpv)dx ≤
∫
Ω
|∇Gu|
pdx.
This completes the proof. 
As a consequence of the Picone inequality we have the following comparison type
principle:
Theorem 3.5. Let Ω be an admissible domain. Let u, v ∈
◦
S
1,p
(Ω) be real-valued
functions such that {
−Lpu ≥ F (x)u
q, u > 0 in Ω,
−Lpv ≤ F (x)v
q, v > 0 in Ω.
(3.7)
where 0 < q < p− 1, F is a nonnegative function with F 6≡ 0. Then v ≤ u a.e. in Ω.
Proof of Theorem 3.5. It follows from (3.7) that
F (x)
(
uq
up−1
−
vq
vp−1
)
≤
−Lpu
up−1
+
Lpv
vp−1
.
12 MICHAEL RUZHANSKY AND DURVUDKHAN SURAGAN
Multiplying both sides by w = (vp − up)+ and integrating over Ω we have∫
[v>u]
F (x)
(
uq
up−1
−
vq
vp−1
)
wdx =
∫
Ω
F (x)
(
uq
up−1
−
vq
vp−1
)
wdx (3.8)
≤
∫
Ω
(
−Lpu
up−1
+
Lpv
vp−1
)
wdx. (3.9)
In addition, a direct calculation gives∫
Ω
(
−Lpu
up−1
+
Lpv
vp−1
)
wdx =
∫
Ω
|∇Gu|
p−2∇Gu · ∇G
( w
up−1
)
dx
−
∫
Ω
|∇Gv|
p−2∇Gv · ∇G
( w
vp−1
)
dx
=
∫
Ω∩[v>u]
|∇Gu|
p−2∇Gu · ∇G
(
vp − up
up−1
)
dx
−
∫
Ω∩[v>u]
|∇Gv|
p−2∇Gv · ∇G
(
vp − up
vp−1
)
dx
=
∫
Ω∩[v>u]
(
|∇Gu|
p−2∇Gu · ∇G
(
vp
up−1
)
− |∇Gv|
p
)
dx
+
∫
Ω∩[v>u]
(
|∇Gv|
p−2∇Gv · ∇G
(
up
vp−1
)
− |∇Gu|
p
)
dx
= I1 + I2,
where
I1 :=
∫
Ω∩[v>u]
(
|∇Gu|
p−2∇Gu · ∇G
(
vp
up−1
)
− |∇Gv|
p
)
dx
and
I2 :=
∫
Ω∩[v>u]
(
|∇Gv|
p−2∇Gv · ∇G
(
up
vp−1
)
− |∇Gu|
p
)
dx.
We have
I1 =
∫
Ω∩[v>u]
|∇Gu|
p−2∇Gu · ∇G
(
vp
up−1
)
dx−
∫
Ω∩[v>u]
|∇Gv|
pdx
= −
∫
Ω∩[v>u]
vp
up−1
Lpudx−
∫
Ω∩[v>u]
|∇Gv|
pdx ≤ 0.
In the last line we have used Green’s first identity (2.6) and the Picone inequality
(3.6). Similarly, we see that I2 ≤ 0. Thus, we obtain∫
Ω
(
−Lpu
up−1
+
Lpv
vp−1
)
wdx ≤ 0.
Consequently, (3.9) implies that∫
Ω∩[v>u]
F (x)
(
uq
up−1
+
vq
vp−1
)
(vp − up)dx ≤ 0.
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On the other hand, we have
0 ≤ F (x)
(
uq
up−1
+
vq
vp−1
)
for [v > u]. This means |[v > u]| = 0. 
As another consequence of the generalised Picone inequality we obtain the following
Dı´az-Saa´ inequality on stratified Lie groups.
Theorem 3.6. Let Ω be an admissible domain. Let functions g1 and g2 satisfy the
assumption of Theorem 3.4. If functions u1, u2 ∈
◦
S
1,p
(Ω) with u1, u2( 6≡ 0) ≥ 0 a.e.
Ω ∈ G are such that −Lpu1 = g1(x, u1) and −Lpu2 = g2(x, u2), then
0 ≤
∫
Ω
(
−Lpu1
u
p−1
1
+
Lpu2
u
p−1
2
)
(up1 − u
p
2)dx.
Proof of Theorem 3.6. Let functions u1 and u2 satisfy the assumptions. Then by the
inequality (3.6) with f(u) = up−1 as well as for u1 and u2 we have∫
Ω
|u1|
p
u
p−1
2
(−Lpu2)dx ≤
∫
Ω
|∇Gu1|
pdx.
Using Green’s first identity (2.6) we get
0 ≤
∫
Ω
(
−Lpu1
u
p−1
1
+
Lpu2
u
p−1
2
)
u
p
1dx. (3.10)
Again, by the inequality (3.6) we have∫
Ω
|u2|
p
u
p−1
1
(−Lpu1)dx ≤
∫
Ω
|∇Gu2|
pdx.
As above, this implies
0 ≤
∫
Ω
(
Lpu1
u
p−1
1
−
Lpu2
u
p−1
2
)
u
p
2dx. (3.11)
Now the combination of (3.10) and (3.11) completes the proof. 
Finally, we prove the following theorem on uniqueness of a positive solution of{
−Lpu = F (x, u), in Ω,
u = 0, on ∂Ω,
(3.12)
where Ω is an admissible domain. Here we recall the assumptions on F (x, u):
(a) The function F : Ω× R→ R is a positive, bounded and measurable function
and there exists a positive constant C > 0 such that F (x, ρ) ≤ C(ρp−1 + 1)
for a.e. x ∈ Ω.
(b) The function ρ 7→ F (x,ρ)
ρp−1
is strictly decreasing on (0,∞) for a.e. x ∈ Ω.
Theorem 3.7. There exists at most one positive weak solution to (3.12) for 1 < p ≤
Q.
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Proof of Theorem 3.7. Suppose that u1 and u2 be two different (u1 6≡ u2) non-
negative solutions of (3.12). By using the strong maximum principle in Lemma 3.2
for the p-sub-Laplacian we have u1 > 0 and u2 > 0 in Ω. By Theorem 3.6 we have
0 ≤
∫
Ω
(
−Lpu1
u
p−1
1
+
Lpu2
u
p−1
2
)
(up1 − u
p
2)dx.
On the other hand, according to the assumption (b) we have the strict inequality∫
Ω
(
F (x, u1)
u
p−1
1
−
F (x, u2)
u
p−1
2
)
(up1 − u
p
2)dx < 0.
Since∫
Ω
(
−Lpu1
u
p−1
1
+
Lpu2
u
p−1
2
)
(up1 − u
p
2)dx =
∫
Ω
(
F (x, u1)
u
p−1
1
−
F (x, u2)
u
p−1
2
)
(up1 − u
p
2)dx,
this contradicts that both u1 and u2 (u1 6≡ u2) are non-negative solutions of (3.12). 
References
[1] B. Abdellaoui and I. Peral. Existence and nonexistence results for quasilinear elliptic equations
involving the p-Laplacian with a critical potential. Ann. Mat. Pura. Appl., 182:247–270, 2003.
[2] Z. Balogh and J. Tyson. Polar coordinates on Carnot groups. Math. Z., 241:697–730, 2002.
[3] K. Bal. Uniqueness of a positive solution for quasilinear elliptic equations on the Heisenberg
group. EJDE, 130:1–7, 2016.
[4] S. Biagini. Positive solutions for semilinear equations on the Heisenberg group. Boll. Un. Mat.
Ital., 9:883–900, 1995.
[5] A. Bonfiglioli, E. Lanconelli and F. Uguzzoni. Stratified Lie groups and potential theory for
their sub-Laplacians. Springer-Verlag, Berlin, Heidelberg, 2007.
[6] L. Capogna. Regularity of quasi-linear equations in the Heisenberg group. Comm. Pure Appl.
Math., 50:867–889, 1997.
[7] L. Capogna, D. Danielli and N. Garofalo. An imbedding theorem and the Harnack inequality
for nonlinear subelliptic equation. Comm. Partial Differential Equations, 18:1765–1794, 1993.
[8] J. Dou. Picone inequalities for p-sub-Laplacian on Heisenberg group and its applications.Comm.
Contemp. Math., 12:295–307, 2010.
[9] G. Dwivedi and J. Tyagi. Picone inequalities for biharmonic operators on Heisenberg group
and its applications. NoDEA Nonlinear Differ. Equ. Appl., 23:10, 2016.
[10] V. Fischer and M. Ruzhansky. Quantization on nilpotent Lie groups. Progress in Mathematics,
Vol. 314, Birkha¨user, 2016. (open access book)
[11] G. B. Folland, Subelliptic estimates and function spaces on nilpotent Lie groups. Ark. Mat.,
13:161–207, 1975.
[12] G. B. Folland and E. M. Stein. Estimates for the ∂b complex and analysis on the Heisenberg
group. Comm. Pure Appl. Math., 27:429–522, 1974.
[13] N. Garofalo and E. Lanconelli. Frequency functions on the Heisenberg group, the uncertainty
principle and unique continuation. Ann. Inst. Fourier (Grenoble), 40:313–356, 1990.
[14] N. Garofalo and D. Nhieu. Isoperimetric and Sobolev inequalities for Carnot-Carathe´odory
spaces and the existence of mimimal surfaces. Comm. Pure Appl. Math., 49:1081–1144, 1996.
[15] E. Lanconelli and F. Uguzzoni. Non existence results for semilinear Kohn-Laplace equations in
unbounded domains. Comm. Partial Differential Equations, 25:1703–1739, 2000.
[16] I. Peral. Multiplicity of solutions for the p-Laplacian. Lecture Notes of the Second School of
Nonlinear Functional Analysis and Applications to Differential Equations Progress in Mathe-
matics, Trieste, Italy: I.C.T.P., 1997.
[17] M. Ruzhansky and D. Suragan. On Kac’s principle of not feeling the boundary for the Kohn
Laplacian on the Heisenberg group. Proc. Amer. Math. Soc., 144(2):709–721, 2016.
GREEN’S IDENTITIES ON STRATIFIED LIE GROUPS 15
[18] M. Ruzhansky and D. Suragan. Layer potentials, Kac’s problem, and refined Hardy inequality
on homogeneous Carnot groups. Adv. Math., 308:483–528, 2017.
[19] M. Ruzhansky and D. Suragan. On horizontal Hardy, Rellich, Caffarelli-Kohn-Nirenberg and p-
sub-Laplacian inequalities on stratified groups. J. Differential Equations, 262:1799–1821, 2017.
[20] F. Uguzzoni. A non-existence theorem for a semilinear Dirichlet problem involving critical
exponent in half space of the Heisenberg group. NoDEA Nonlinear Differ. Equ. Appl., 6:191–
206, 1999.
Michael Ruzhansky:
Department of Mathematics
Imperial College London
180 Queen’s Gate, London SW7 2AZ
United Kingdom
E-mail address m.ruzhansky@imperial.ac.uk
Durvudkhan Suragan:
Institute of Mathematics and Mathematical Modeling
125 Pushkin str.
050010 Almaty
Kazakhstan E-mail address suragan@math.kz
